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Abstract
We construct interpolating functions fully compatible with S-duality. We then consider the
problem of resumming perturbative expansions for anomalous dimensions of low-twist low-
spin non-protected operators in N = 4 super Yang-Mills theory. When the rank of the
gauge group is small, the interpolations suggest that anomalous dimensions of leading twist
operators take their maximum value at the point τ = exp(ipi/3). For fixed spin and large
enough rank, there is a level-crossing region, where the anomalous dimension of the leading
twist operator reaches its maximum and then bounces back.
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1 Introduction
N = 4 SYM has been the subject of great attention over the last decade and substan-
tial progress has been made. Most of the progress, however, has been restricted either to
perturbation theory, the planar limit (where integrability techniques can be used) or super-
symmetric/protected observables (for which localization techniques can be used).
The conformal bootstrap is a powerful tool to obtain non-perturbative information about
generic conformal field theories [1]. In [2] the conformal bootstrap program was set for
N = 4 SYM and bounds for the anomalous dimensions of leading-twist operators were
obtained. These bounds are non-perturbative and planarity is not required. Furthermore, it
was suggested that at certain special values of the complexified coupling constant τ , these
bounds are actually saturated. In [3] it was argued that the same occurs for structure
constants (involving two protected operators and a leading-twist operator).
A complementary way to gain access to non-perturbative physics is by re-summing the
available perturbative data. These resummation techniques are particularly powerful when
the answer is known at both ends. Furthermore, for theories which possess S-duality, such
as N = 4 SYM, it is possible to introduce improved interpolating functions [4]. In the case
of N = 4 SYM, S-duality implies that anomalous dimensions of leading-twist operators γ(τ)
should be invariant under modular transformations:
γ(h · τ) ≡ γ(aτ + b
cτ + d
) = γ(τ) (1)
where a, b, c, d are integers satisfying ad − bc = 1. In [5] interpolating functions consistent
with finite order subgroups of the full modular group were introduced. These interpolating
functions are by construction consistent with the available perturbative data (at present up
to four loops) and invariant under one of the following transformations:
h2 · τ = −1
τ
, h3 · τ = τ − 1
τ
(2)
Furthermore, it is expected that these interpolating functions give a good approximation for
γ(τ) in the whole fundamental region. According to the proposal of [2], the bounds arising
from the conformal bootstrap are saturated at the duality invariant points τ2 = i and/or
τ3 = e
ipi/3. The interpolating functions constructed in [5] seem to support this proposal.
Given the success of the above resummation techniques, it is natural to try to improve
such proposal. In particular, the above interpolating functions are not invariant under the
whole duality group, but just under one of the two finite order subgroups. The aim of this
paper is to construct interpolating functions that are invariant under the full modular group.
Our building blocks will be the real Eisenstein series which as we will see are specially tailored
for our purposes. Such interpolating functions offer several advantages, for instance, even
one loop perturbative results can be resummed. In the second part of the paper we apply
our methods to several cases of interest. We study the anomalous dimension of leading-twist
operators and show that the interpolations suggest that the maximum values occur at τ = τ3.
Finally, we study the phenomenon of level-crossing, and argue that even for spin zero, there
is a crossing region if the rank of the group is high enough (N & 5).
2
2 Modular interpolating functions
Observables in N = 4 SYM are naturally functions of the complexified coupling constant
τ = y +
i
g
(3)
where g =
g2YM
4pi
and y = θ
2pi
. N = 4 SYM possesses S-duality, which implies that observables
should transform appropriately under modular transformations
h · τ = aτ + b
cτ + d
(4)
where a, b, c, d are integers satisfying ad − bc = 1. In this note we will mostly focus on the
anomalous dimensions of leading-twist operators1 with spin `, which we denote γ`(τ). γ`(τ)
should satisfy the following properties:
• It should be real.
• It should be modular invariant.
• Its perturbative expansion around small g should contain only powers of g.
Our aim is to construct interpolating functions that satisfy all these properties. A natural
set of building blocks are the real or non-holomorphic Eisenstein series
Es(τ) =
1
2
∑
m,n∈Z
(m,n)6=(0,0)
Im(τ)s
|m+ nτ |2s (5)
These are real modular invariant forms. Their small g expansion is given by
Es(τ) = ζ(2s)
1
gs
+
pi1/2Γ(s− 1/2)
Γ(s)
ζ(2s− 1)gs−1 + fnps (q), s > 1 (6)
where fnps (q) denotes non-perturbative contributions (i.e. they are identically zero in pertur-
bation theory) containing powers of q = e2piiτ = e2piiye−2pi
1
g . Es(τ) develops a pole at s = 1.
After substracting this pole we obtain
lim
s−>1
(
Es(τ)− pi/2
s− 1
)
= ζ(2)
1
g
+
pi
2
log g + C − pi
∞∑
r=1
log |1− qr|2 (7)
For some constant C not important for our purposes. Given a perturbative expansion of the
form
γ(g) = α1g + α2g
2 + ...+ αmg
m + ... (8)
1More precisely, superconformal primaries in long multiplets, transforming as singlets of SU(4).
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the small g expansion of the real Eisenstein series suggests an interpolating function of the
form
γint,m(τ) = (cm+1Em+1 + cmEm + ...+ c2E2)
− 1
m+1 (9)
where the coefficients ci are fixed by requiring the interpolating function to reproduce the
perturbative data up to m loops. This family of interpolating functions has nice features:
• For any m, the function is truly invariant under the full modular group.
• Interpolating functions consistent with a finite order subgroup are expected to be most
accurate around the corresponding invariant point. For that reason, the above inter-
polating functions are expected to be quite accurate it the whole fundamental region.
• The perturbative expansion of γint(τ) contains only powers of g.
• The interpolating functions work for any number of loops, even one-loop.
• There are no continuous parameters to play with.2
In the following section we will apply these interpolating functions to several quantities of
interest.
3 Applications
3.1 Anomalous dimensions
The most natural application of the above interpolating functions are anomalous dimensions
of leading twist-operators. There are available perturbative results for any spin up to three
loops and for spin zero and two up to four loops.3 Given a general expansion
γ = α1g + α2g
2 + α3g
3 + α4g
4 + ... (10)
The corresponding interpolating functions to one, two, three and four loops are
γint,1 = α1
(
E2
ζ(4)
)−1/2
(11)
γint,2 =
(
1
ζ(6)α31
E3 − 3α2
ζ(4)α41
E2
)−1/3
(12)
γint,3 =
(
1
ζ(8)α41
E4 − 4α2
ζ(6)α51
E3 +
2(5α22 − 2α1α3)
ζ(4)α61
E2
)−1/4
(13)
γint,4 =
(
1
ζ(10)α51
E5 − 5α2
ζ(8)α61
E4 + 5
3α22 − α1α3
ζ(6)α71
E3 − 57α
3
2 − 6α1α2α3 + α21α4
ζ(4)α81
E2
)−1/5
(14)
2However, see the appendix A for generalizations.
3For the present purposes the full, non-planar, result is important.
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Let us apply the method to the anomalous dimensions of spin zero and two. Up to four
loops, those are given by [6]
γ0(g) =
3Ng
pi
− 3N
2g2
pi2
+
21N3g3
4pi3
+ (−39 + 9ζ(3)− 45ζ(5)(1
2
+
6
N2
))
N4g4
4pi4
+ ... (15)
γ2(g) =
25Ng
6pi
− 925N
2g2
216pi2
+
241325N3g3
31104pi3
+ (16)
+
(
−8045275
2187
+
114500
81
ζ(3)− 25000
9
ζ(5) +
8400 + 28000ζ(3)− 100000ζ(5)
3N2
)
N4g4
(4pi)4
+ ...
The following figures show the interpolating functions for N = 2 and m = 1, 2, 3, 4.
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Figure 1: Interpolating functions for anomalous dimensions of leading-twist operators with
spin zero and two, for SU(2) and m = 1, 2, 3, 4. In both cases, the upper line corresponds to
m = 1, the second line to m = 3, the third line to m = 2 and the lower line to m = 4. We
have also indicated the forbidden region with gray and the corner value with a continuous
horizontal line.
From these figures we can draw several conclusions. First, we see that as we increase
the number of loops taken into account (the label m), the interpolating functions seem to
converge. Furthermore, even for m = 1, where only the one-loop result has been resummed,
we get a pretty accurate interpolating function.
Having fixed the interpolating functions from the perturbative data, a natural question
is what is their value at the duality invariant points τ = τ2 = i and τ = τ3 = e
ipi/3. At those
values the building blocks become
Es(i) =
1
2
∑
m,n∈Z
(m,n) 6=(0,0)
1
(m2 + n2)s
=
2ζ(s)
4s
(
ζ1/4(s)− ζ3/4(s)
)
(17)
Es(e
ipi/3) =
1
2
3s/2
2s
∑
m,n∈Z
(m,n)6=(0,0)
1
(m2 +mn+ n2)s
=
1
2s3s/2−1
ζ(s)
(
ζ1/3(s)− ζ2/3(s)
)
(18)
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where ζa(s) denotes the Hurwitz zeta function.The following tables show the results for
γint,4(τ2) and γ
int,4(τ3) for operators with spin zero and two and several values of N .
γint(i) γint(e
ipi/3) γcorner
SU(2) 0.92 0.94 0.93
SU(3) 1.238 1.26 1.24
SU(4) 1.51 1.536 1.47
Table 1: Interpolating function at duality
invariant points τ2 and τ3 for spin-zero,
together with the corner values.
γint(i) γint(e
ipi/3) γcorner
SU(2) 1.30 1.33 1.28
SU(3) 1.75 1.79 1.6
SU(4) 2.13 2.18 1.75
Table 2: Interpolating function at duality
invariant points τ2 and τ3 for spin-two, to-
gether with the corner values.
In the tables we have also included the corner values γcorner. According to the conjecture in
[2] these should be the values of the anomalous dimensions at one (or both) of the duality
invariant points. We see that in the low rank/lower spin cases, the value at the duality
points coincides surprisingly well with the corner values! (this can also be seen explicitly in
fig. 1 for SU(2)). On the other hand, γint(τ2) and γint(τ3) become higher than γcorner as we
increase the rank of the group and/or the spin. We give an interpretation of this fact at the
end of this section.
Finally, we note the following interesting point. For all cases we have analyzed, the
coefficients ck of the interpolation (cmEm + ...+ c2E2)
− 1
m are always positive. On the other
hand we can study Ek(τ) on the whole fundamental region and ask where does it take its
minimal value. It turns out this happens, for all k, at τ = τ3. Both facts together suggest
the following:
The anomalous dimensions of leading twist-operators in N = 4 SYM take their maximum
value at τ = eipi/3. It is at this value of the coupling constant that we expect the bounds
arising from the conformal bootstrap to be saturated.
In appendix A we show that this is still true for a large family of modular invariant
interpolating functions.
3.2 Structure constants
Another quantity of interest that can be studied with the interpolating method presented in
this paper are structure constants. Structure constants have a perturbative expansion of the
form
a(g) = β0 − β1g + β2g2 + ... (19)
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where we have stressed the fact that the term proportional to g is negative for the cases
we will consider. The structure constants of interest are known up to three loops. After
substracting the tree level contribution, we can apply the method above. The interpolating
functions up to three loops are given by
aint,1(τ) = β0 − β1
(
E2
ζ(4)
)−1/2
(20)
aint,2(τ) = β0 −
(
1
ζ(6)β31
E3 +
3β2
ζ(4)β41
E2
)−1/3
(21)
aint,3(τ) = β0 −
(
1
ζ(8)β41
E4 +
4β2
ζ(6)β51
E3 +
2(5β22 − 2β1β3)
ζ(4)β61
E2
)−1/4
(22)
Using the explicit perturbative results for spin zero and spin two structure constants/OPE
coefficients we can build their interpolating functions. The following figure shows the results
for one, two and three-loop.
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Figure 2: Interpolating functions for structure constants of operators with spin zero and two,
for SU(2) and m = 1, 2, 3. The lower line corresponds to m = 1, the line in the middle to
m = 2 and the upper line to m = 3.
The interpolating functions appear to converge as we increase the value of m. Further-
more, for the case of spin zero, the interpolating functions at g = 1 seem to approach the
bound value 1.6, found in [3]. On the other hand, the bound found for spin two (around 0.8)
seems higher than the interpolating results.
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3.3 Level-crossing
In the following we will study the phenomenon of level-crossing. Consider the leading-twist
operator with spin `. At weak coupling its dimension is given by
∆l` = 2 + `+ 2h(`+ 2)
Ng
pi
+ ... (23)
where h(` + 2) is the harmonic number. We can also consider operators with the same
spin and sub-leading twist, which at tree-level have dimension ∆ = ` + 4. Already at spin
zero there is a degeneracy of such operators. This degeneracy is broken as we turn on the
coupling and we can focus on the operator with the smallest dimension. At weak coupling
its dimension is given by
∆sl` = 4 + `− c(N, `)g + ... (24)
where c(N, `) is some constant that depends on the spin and the rank of the gauge group
(not necessarily large). In particular, we see that ∆l` grows as we increase the coupling,
while ∆sl` decreases. We would like to understand whether it is possible that at some value
of the coupling ∆l` actually reaches ∆
sl
` . At this point two things could happen. Additional
symmetries (such as integrability) may forbid mixing between the operators, in which case
the dimensions will actually cross-over. Otherwise, there will be a (small) mixing of operators
and the dimensions of the new eigenstates will repel, according to the Wigner - von Neumann
theorem. Even though there is no actual crossing in the second case, we will refer to both
situations as level crossing. Note that in both cases, the dimension of the real leading-twist
operator is the lowest one.
We expect level-crossing to happen for large enough values of the spin. When the spin is
large, the anomalous dimension of leading twist operators grows logarithmically as
∆l` = 2 + `+ f(g,N) log `+ ... (25)
On the other hand, for sufficiently large spin we have [7] 4
∆sl` ≈ 4 + `−
d(N)
s2
+ ... (26)
hence, at some value of the coupling constant, of order g ∼ (N log `)−1, the dimensions of
∆l` and ∆
sl
` will cross over.
In the following we use interpolating functions to study level-crossing for operators with
spin zero. The leading-twist operator is the Konishi operator, of the form TrΦIΦI , whose
anomalous dimension up to four loops was given in the previous section. There are four
operators with twist four and spin zero:
Tr ΦIΦIΦJΦJ , Tr ΦIΦJΦIΦJ , Tr ΦIΦITr ΦJΦJ , Tr ΦIΦJTr ΦIΦJ (27)
the eigenvectors of the dilatation operator are actually specific linear combinations of those.
Their anomalous dimension at one loop is given by [8, 9]
4The precise expression is ∆sl` = 2∆
l
0 − d(N)s2 + ... but ∆l0 does not depend on the spin and is bounded.
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∆sl0 (g) = 4 + ω(N)
N
2pi
g + ... (28)
where ω is one of the roots of
ω4 − 25ω3 +
(
188− 160
N2
)
ω2 −
(
384− 1760
N2
)
ω − 7680
N2
= 0 (29)
For the special case N = 2 , eq. (29) has only two real solutions. This corresponds to
the fact that in this case ΦI are SU(2) matrices, and only two of the states listed above are
independent. For each value of N we can solve (29). The smallest root is always negative and
we call it ω−. Then, the one-loop interpolating function for the sub-leading-twist operator is
∆sl,int0 (τ) = 4−
Nω−
2pi
√
ζ(4)
E2(τ)
(30)
While the interpolating function for the leading twist operator was constructed above.The
following plots show ∆l,int0 (τ) vs ∆
sl,int
0 (τ) for several values of N . The interpolating functions
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Figure 3: Dimensions of leading and sub-leading operators of spin zero, for several values of
N . The interpolating functions actually suggest that crossing does occur for N bigger than
four/five.
actually suggest that crossing does occur for N bigger than four. This of course could
slightly change if two-loop results for the anomalous dimension of twist-four operators become
available, but we expect crossing will still be present. As we increase the spin, we expect
level-crossing to occur at smaller and smaller values of the rank N . Unfortunately, to the best
of our knowledge, there are no available results (exact in N) for the anomalous dimension of
twist-four operators with ` = 2, 4, .... 5
Note that level crossing would explain why for sufficiently large N and/or ` the value
of the interpolating functions at τ = τ2, τ3 is always (quite) larger than the corner values
6.
5Precisely we are interested in results exact in N for superconformal primaries in long multiplets. In
particular, these states are singlets of SU(4), which makes the mixing problem quite involved.
6In addition one would expect the interpolating functions to be less accurate for large values of N , since
the effective coupling constant is Ng, but this by itself doesn’t seem to explain why the disagreement is
always in excess.
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For sufficiently large N the maximum value of the anomalous dimension of the leading-twist
operator is the value of γ at the crossing region.
For finite N we expect the Wigner - von Neumann rule to apply, and hence there won’t be
actually crossing (as mentioned above). In this case the interpolating functions are reliable
up to the crossing region. It would be interesting to understand precisely what happens at
the crossing region and afterwards. 7
4 Discussion
In this paper we have constructed interpolating functions invariant under the full modular
group PSL(2,Z). These functions can be used to study any modular invariant observables
and present several nice features. In particular we have studied anomalous dimensions and
structure constants of low-twist/low-spin operators in N = 4 SYM.
When applied to anomalous dimensions of leading-twist operators the above interpolating
functions seem to strongly suggest that the anomalous dimensions will take their maximum
value at τ = τ3. Following [2] it is then natural to propose that at τ = τ3 the bounds from the
conformal bootstrap are actually saturated (at least for low enough rank/spin). We have also
studied the phenomenon of level-crossing and showed that even for spin zero, level-crossing
can happen when the rank of the gauge group is higher than four/five.
There are several open problems that would be interesting to address. First, there is
much we can do if we had at our disposal further perturbative results (exact in N and for
low spin). e.g. five loop results for the Konishi operator would give better estimates and
would allow to test whether the coefficients in the interpolating functions are positive. This
is true up to four loops, and seems to be true to very high order in the planar limit. Two-
loop results for twist-four spin zero operators and/or one loop for higher spin, would allow
to study the level crossing phenomenon with higher precision and in more generality.
The results of this paper suggest a refined version of the conjecture in [2], namely the
bounds from the conformal bootstrap are saturated at τ = τ3. It would be interesting to
understand the implications of this fact. A fascinating possibility would be the existence of
extra symmetries at this point. This would imply additional structure for the spectrum at
τ = τ3. If further perturbative data becomes available, we could explore this possibility with
the use of interpolating functions.
It was observed in [5] that the ratios of anomalous dimensions for operators with different
spins were approximately constant over the whole fundamental region. The interpolating
functions constructed in this paper imply
γint,m` (τ)
γint,m0 (τ)
=
(
γ2
γ0
)
tree
(Rγ` (τ))
− 1
m
For Rγ` (τ) some rational function of real Eisenstein series. Note that this function is one at
tree-level, and at generic values of the coupling the power 1/m brings it closer to one. Still,
7We thank Slava Rychkov for discussions on this point.
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Rγ` (τ) itself seems to have a very mild dependence on the coupling. It would be interesting
to understand the reason for this.
It would also be very interesting to guess an exact modular invariant expression for the
anomalous dimension of the Konishi operator, e.g. for SU(2). More generally, one can ask
whether two functions with the same perturbative expansion can differ non-perturbatively
(requiring real, modular invariant functions). When using interpolating functions, we are
somehow assuming that this does not happen, but it would nice to understand this issue in
more detail. Finally, it would be interesting to apply the modular invariant interpolating
functions to other contexts, such as [4, 11].
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A Alternative interpolating functions
In this appendix we explore a family of modular invariant interpolating functions that gen-
eralize the ones introduced in the body of the paper. These take the form
γ(τ)n,Lint = (cnEn + cn+1En+1 + ...+ cn+L−1En+L−1)
− 1
n+L−1 (31)
where n is not necessarily an integer. The coefficients cn, ..., cn+L−1 can be fixed by matching
the L−loop perturbative result. Since En develops a pole at n = 1, we choose n > 1. The
case studied in the body of the paper corresponds to n = 2, which is the minimal case with
integer coefficients. Another natural choice would be n = 3/2.
We have applied the above interpolating functions to the anomalous dimensions of leading-
twist operators with spin zero and two. For instance, the following plots show the results for
N = 2 and n = 3/2, 2, 5/2.
From studying the above interpolating functions for several values of n we can draw the
following conclusions.
• For n close to two, the curves do not differ much. In all cases the maximum of the
curves increases as we increase n. Interestingly, the corner value at τ = τ2 and/or
τ = τ3 is best approximated by n = 2, which seems also the most natural choice.
• For all cases the coefficients in the interpolating functions are positive. Hence, for the
whole family of modular interpolating functions the anomalous dimensions take their
maximum value at the duality invariant point τ = τ3, which show that this result is
quite robust.
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Figure 4: Interpolating functions for n = 3/2 (lower curve), n = 2 (middle curve) and
n = 5/2 (upper curve), for spin zero and two.
B A toy model
Let us apply the procedure sketched in the body of the paper to the following toy model
γtoy−pert(g) =
∑
`
(−1)`+1α`g` (32)
this is a very simple toy model, but has some of the features of the anomalous dimension of
the Konishi operator in the planar limit, namely, is an alternating sum with a finite radius
of convergence, see for instance [10]. Of course, we could perform the above sum:
γtoy−pert(g) =
αg
1 + αg
(33)
but the answer is not modular invariant. The full modular invariant answer should also
contain non-perturbative corrections. It turns our that one can compute the interpolating
functions exactly, for every value of m, obtaining
γint,mtoy (τ) =
(
m+1∑
k=2
(m+ 1)!
k!(m+ 1− k)!
1
αkζ(2k)
Ek(τ)
)− 1
m+1
(34)
We have studied the above functions numerically for larger and larger values of m. In
the limit, the functions γint,mtoy (τ) converge to a modular invariant function γ
int,∞
toy (τ) which
coincides with γtoy−pert(g) in the full region 0 ≤ g ≤ 1, but with the correct modular
properties! see figure
Finally, note that all the coefficients in γint,mtoy (τ) are positive. This is also the case for
the precise planar result of the Konishi operator.
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Figure 5: γtoy−pert(g) for α = 1/2 (dashed line) vs the modular invariant interpolating
function (solid line) for m = 40.
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